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A briefreview of the basic Modified Probabilistic Neural Network algorithm is presented followed by two new 
extensions for applications to time series analysis, especially to nonlinear signal filtering. Both methods rely 
on a systematic selection of radial basis centres based on quantised time series waveform characterisation 
schemes. The methods are similar to Specht's General Regression Neural Network and the method proposed 
by Moody and Darken. The main differences are that the new methods offer very simple and systematic 
network reduction mechanisms and very fast training times without the need for complex computations. These 
makes them very suitable for hardware implementation using present and foreseeable technology. 

Introduction and scope 

The Modified Probabilistic Neural Network 
(MPNN) was first introduced by Zaknich et al in 
1991 [I] in the same month as Specht introduced 
his General Regression Neural Network (GRNN) 
[2]. Both these networks, MPNN/GRNN, are 
closely related to Specht's Probabilistic Neural 
Network (PNN) [3] classifier. The method of the 
basic MPNN/GRNN has similarities with the 
method of Moody and Darken [4,5]; the method of 
Radial Basis Functions (RBF) [ 6, 7]; the Cerebellar 
Model Arithmetic Computer (CMAC) [8]; the 
Parallel Probabilistic Neural Network (PNNN) [9]; 
the feed forward Bayesian Neural Network (BNN) 
[10]; and a number of other non parametric kernel 
based regression techniques [10] ·stemming from 
the work ofNadaraya [12] and Watson [13]. 

This paper begins with a review of the basic 
MPNN/GRNN followed by the development of a 
filtering signal model and waveform 
characterisation scheme which l ~ a d s  to the 
development of two extensions for the MPNN, 
named Methods A and B. Method A represents an 
efficient network design approach based on the 
characterisation of· the desired waveform. 
Although it produces very efficient solutions it can 
be subject to error, in some special cases, so it 
needs to be applied with caution. Method B is a 
quantised version of the GRNN which results in a 
less efficient but robust and finite network design. 
A typical nonlinear filtering exan1ple is also 
investigated to show the utility of the two proposed 
methods and comparisons are made with the 
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Backpropagation Neural Network, linear and 
quadratic filters. A sequence of recommended 
design steps related to the MPNN methods are 
introduced to guide the designer. This is followed 
by a general comparison of the MPNN methods 
with other comparable methods as listed above. 

The MPNN Methods A and B are offered as 
practical and very efficient design tools for the 
solution of general nonlinear signal filtering and 
time series analysis problems. 

MPNN/GRNN Review 

The MPNN and the GRNN are general regression 
or function mapping algorithms which can be 
implemented as three layer feed forward neural 
networks. They can be trained very easily and 
quickly and as such they can be very useful for 
general nonlinear signal processing applications. 
The general equation which is fundamental to both 
these algorithms as well as the Moody and Darken 
method is equation (1) as follows. 

(1) 

where: 
x is an arbitrary input vector. 
xi is an input training vector. 
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Yi 
/j( .) 

NS 

is the single learning or smoothing 
parameter chosen during network 
training. 
is the .output related to Xi . 
is a Parzen radial basis function which 
models the pelf of the local input vector 
space noise. 
total number of training pairs. 

If the Yi are allowed to be individual real · valued 
scalars equation (1) becomes exactly Specht's 
GRNN which incorporates each and every one of 
the NS training vector pairs {xi -> Yi} into its 
architecture. 

Although, the GRNN works very well it introduces 
a heavy computational load for large training sets. 
The general rvtPNN given in equation (2) 
incorporates a reduced number of M vector pairs 
{ centxi -> Yi} for the same number of NS training 
pairs. 

where: 
centxi is the centre or mean vector for class i 

in the input space (real valued or 
quanti sed). 

Yi is the output related to centxi (real 
valued or quantised). 

M is the number of unique centres i in the 
MPNN structure. 

Zi is the number of input training vectors 
Xj associated with centxi. 
M 

NS = L Zi, total number of training pairs. 
i = 1 

Both equations ( 1) and (2) show a single 
dimensional output y(x) but they can be extended 
for higher output dimensions by simply developing 
similar equations for each dimension. 

A common Radial Basis Function (RBF), Ji(.), is 
the spherical Gaussian, basis 1, as follows: 

( ) 
{ -(x-centx;((x-centx;)\ (3) 

/; x .. expl 2if J 

Another useful RBF, basis 2, is: 
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(4) 

p 

where lx- centx;j"" ~~xk- centx(i)kl' for vector 
k-1 

element index k. 

There are many other Parzen RBFs which can also 
be used [3]. Equation (2) can be derived from the 
GRNN equation ( 1) through the following 
approximation: 

z. 
ZJ;((x- centx;),a).., ~ /;((x- xi ),a) 

J-1 
(5) 

This is a reasonable approximation, if the x· 
vectors are close together in a relatively small loc~ 
space and can be adequately represented by a 
single centre vector centxi. Given a training data 
set and an independent testing data set both 
equations (1) and (2) are trained or optimised by 
the selection of a single smoothing parameter, cr. 
In most applications there is a unique cr that 
produces the minimum mse between the network 
output and the desired output for the testing set. 
This cr can be found quite easily by trial and error. 
It is possible to find cr quickly by a systematic 
approach [ 16], since the relation between cr and 
mse is usually smooth with a broad minimum mse 
section (refer to the examples in Figures 6 and 7). 

The key to the practical application of the general 
MPNN of equation (2) is related to the method of 
selecting the Yi and the grouping of the associated 
input vectors for each class i. Given that a 
satisfactory grouping can be determined for a 
particular nonlinear signal processing problem. 
equation (2) can be used very effectively as . a 
general nonlinear signal processing algorithm. 
One solution to this selection and grouping, for 
simple nonlinear signal processing of a 
compressed and noisy sinusoidal waveform, was 
proposed by Zaknich et al [1] . The training vector 
pairs were produced by digitally sampling both the 
corrupted input waveform and the corresponding 
uncorrupted desired output waveform as shown in 
Figure 1. The noiseless y[n] amplitudes taken from 
the desired waveform were then uniformly 
quantised and given amplitude designations of Yi· 
ie. according to their class similarities. The 
quantised y[n] were separately grouped according 
to positive or negative slopes in the waveform. 
Each class group was then associated with the 
mean of the input vectors mapping to it. The input 
vectors were formed by taking consecutively 
sampled amplitudes from the input waveform 
having a specific temporal relationship with y[n], 
as can be seen in Figure 1. The success of this 
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simple case prompted the development of more 
general approaches suitable for both simple and 
more complex time · series analysis and nonlinear 
signal processing problems. Two general methods: 
the MPNN Method A, which is based solely on the 
characterisation of the desired output waveform, 
and the MPNN Method B, which is based on the 
characterisation of both the input and output 
waveforms are proposed. 

input vector x = ( x(n), X(n-1), ... , x(n-p+1)T 

Output vector y = ( y(n), y(n-1), ... , y(n-m+1l 

p s dimension of vector x 

T = digital sampling interval 
t n = discrete time Index 

t=n!T 

FIGURE 1: Typical Vector Construction 

'fhe key advantage of the MPNN over the GRNN 
is the grouping of similar quantised Yi and the 
computation of suitable single or multiple input 
vectors associated with each group so as to reduce 
the number of training vector pairs. This improves 
computational efficiency and performance as well 
as allows for the possibility of a fixed hardware 
design, since the maximum number of vector pairs 
is definable. 

Filtering Signal Model and the Waveform 
Characterisation Scheme 

The essential goal of this work involves the 
recovery of regularly sampled time series signals 
which have been corrupted by some nonlinear 
function and random noise. Therefore the most 
general signal model in the uniformly sampled 
discrete time domain is as follows: 

x(n) = g(z(n)) + v2(n) 
z(n) = s(n) + v 1(n) 

where: 
s(n) 
VJ(n) 

is the uncorrupted signal time series. 
is a random noise source 1 time 
series. 

v2(n) is a random noise source 2 time 
series. 

g(.) is the corrupting linear or nonlinear 
function . 

x(n) is the corrupted signal time series. 

If the system's signals are characterised by vectors 
composed of current and past discrete sample 
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points, as is done in filtering applications, then a 
general signal recovery model is given as: 

s(n) = f(s(n- l),s(n- 2), .... ,s(n- m),z(n), 
z(n- l), ... .. ,z(n- p-1)) ideal no noise case 

yQ:l) = f(s(n- l),s(n- 2), .... ,s(n- m),x(n), 
x(n- l), .. ... ,x(n- p-1)) for training 

and 

y(n) = f(y"(n- l),y"(n- 2), .. .. ,y"'(n - m),x(n), 
x(n- l), ... .. ,x(n- p-1)) for operation 

where: 
y(n) 

m 
p 

f(.) 

is the estimate of the original signal 
s(n). 
is the number of past outputs. 
is the dimension of the input signal or 
input time delay elements. 
is the nonlinear vector function 
implemented by the recovery method. 

This nonlinear problem can be said to be well 
defined if the system meets the following 
conditions: 

1) Bounded-input bounded-output (BIBO) 
stability [14]. An input sequence {x(n)} is 
bounded if there exists a finite X such 
that jx(n)j :s: X < oo V n. The output 
sequence {s(n)} is bounded if there exists 
a finite S such that js(n)l :s: S < oo V n. 
Both sequences {x(n)} and {s(n)} must be 
confined within a bounded and closed set. 

2) Continuity of function f(.). 

3) Time invariance of the function f(.) is 
desirable but it is satisfactory if it is 
slowly varying in relation to the system 
time constants and adaption techniques. 

4) The probability density functions (pdfs) of 
the signal x, and noise vectors v1 and v2 
should be continuous. 

Nonlinear systems can not necessarily be fully 
represented by a finite set of input and output 
sequences as is the case for linear systems. 
Consequently, it should be assumed that the model 
of the system is only modelling that part of the 
system which is being excited by particular input 
sequences during operation. This is the most 
reasonable position to take if there is no specific 
knowledge about the system, other than sets of 
input and output sequences. 
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To establish a suitable waveform characterisation 
scheme for MPNN Method A the real valued 
desired waveform variable y(n) is firstly quantised 
into N uniformly spaced levels, {yj(n) I j = 1, ... N} . 
This produces multiple sample points with the 
same quantised amplitude yj(n). Not all the points 
represented by a quantised Yj(n) should necessarily 
be grouped together, since amplitude alo• .. is not 
sufficient to establish similarity of a point in c. _ -.. 
series. Only points which have similar local 
waveform characteristics should be grouped. One 
way to identify similar points is to take a total of m 
sampled and quantised amplitudes in the vicinity 
of the point including the point and thus make a 
Characterisation Vector (CV) of dimension m ie. 

CV= ( Yi(n), Yi(n- 1), ... .. , Yi(n- m-1) )T. 

A higher order m gives a better characterisation. 
The required order is a function of the complexity 
of the signal's dynamics weighed against simplicity 
of MPNN design and acceptable system error. 
Given a characterisation vector size m it is also 
possible to follow and characterise vector 
trajectories in time through the m-dimensional 
space. Researchers are currently using trajectory 
characterisation for speech recognition [15]. If the 
sampled data are quantised the trajectories move 
through a quantised vector state space which can 
also be referred to as a quantised phase space. 

If each dimension of the characterisation vector is 
quantised by the same amount o, then any real 
valued vector, whose individual sample values all 
fall within their respective dimension's 
quantisation interval, can be defined as belonging 
to that class or state. The quantised 
characterisation vector defines a local grid or box 
region in Rm which has a length 8 in each 
dimension and is centred at the characterisation 
vector's value (refer to Figure 3). As o is increased 
and m is reduced the degree of similarity between 
vectors contained in the box reduces. If there is a 
uniform distribution of values in all dimensions 
then the degree of similarity of vectors in the box 
is bounded by an upper mean squared error (rose) 
of o2112. A useful rule of thumb is to only consider 
orders of m which are equal to or less than the 
input vector dimension p. It is pointless to 
characterise the outputs y more exactly than can be 
resolved in the input vector dimension. 

One of the simplest signals to consider is a sine 
wave y(t) = s(t) = sin( ro t ), corrupted by a 
nonlinearity and added random noise. The discrete 
version is y(n) = sin ( ro n I Np ) where Np is the 
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number of discrete sample points in one period. In 
the case of m = 2 and with N uniform levels of 
quantisation, all the possible states of {Yi(n), Yi(n -
1)} are as follows: 

Yi( n ) = sin ( ro n I Np ) 
Yi( n- 1) =sin ( ro (n- 1) I Np ) 
Yi( n) =sin ( sin-1( Yi( n- 1)) + ro /Np ) 

These equations define an elliptic contour of points 
in a two-dimensional quantised phase space. The 
~ · .._r of points along the contour is a function of 
N. ·1... provide the required signal 
characterisatto.. •o~; for m = 2. They are actually 
determined by projec .. _ _ '""' time trajectot of the 
characterisation vector ( Yit .. " ,., - 1) ) on its 
two-dimensional plane as the waveh,_ 'lrogresses 
in time as depicted in Figures 2 and 3. ( ~arly the 
method can be extended for m > 2. 

els 
y( I) 

fr 
ol) 

x(t) 

Y; ( n) 

• cluster centres ~ 2-D traj ectory projec1i 

v1 ( n-1) 

FIOURE 2: Noisy Sine Wave, Characterisation Examp 

5 = amplitude quantisation interval 

Y; ( n) H-t--t-t-:1H-f 

0 5 . N v1 (n-1) 

FIGURE 3: Phase Space for m= 2 and Sine Wave Exampl 

MPNN Method A 

The MPNN Method A involves creating the 
classes of equation (2) by characterising th1 
desired output waveform to identify similar Yi cu 
described above. Once the similar Yi are identified 
then the Yi of equation (2) may be taken as the 
quantised Yi(n) or the mean of all the y(n) related 
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to class i. If the y amplitude distribution is 
approximately uniform the quantised value of Yi 
represents the centre of the quantisation interval 
which is then the mean of the y in that interval, 
thus there is no need to compute the mean. The 
number of classes can be reduced by simply 
increasing the amplitude quantisation B and 
consequently reducing N. An optimal solution can 
easily be found by starting with a very high N and 
progressively reducing it (halving is a good 
strategy) until the mse between the desired and 
network outputs, of an independent test vector set, 
achieves a minimum. 

If the centre vector centxi is the mean of all the 
vectors associated with class i, and Zi is the total 
number of vector pairs in class i, then the equation 
for the special case of output -waveform 
characterisation vector dimension m = 2 is as 
follows: 

f ~ [yisZish ( (X - centxis ), 0")] 
ji(x) = ~i-:.::ls"-=·7;-~---------± ~[ Zisf .. (( x- centxi• ), a)] 

where: 
X 

cent'tis 

p 

Yis 

N 

i-ls-1 

is an arbitrary input vector. 
is the centre or mean vector for class 
(i,s) in the input space (real valued or 
quanti sed). 
is the dimension of the input vectors x 
and centxis· 
is the single learning or smoothing 
parameter chosen during network 
training. 
is the output related to centxis (real 
valued or quantised). 
is the number of quantisation levels 
for y(n). 
is the number of quantisation levels 
for y(n-1), Ns usually is equal to N. 
is the number of input training vectors 
Xj associated with output Yis and 
centxis· 
is a Parzen radial basis function. 

(6) 

This equation can easily be extended for m > 2. 
For m =:= -2 there can be a maximum, M = N.Ns 
unique ( Yi(n), Yi(n - 1) )T vectors, which provides 
an upper limit to the network size. 

MPNN Method A results in very efficient networks 
but it can suffer a fault if there is more than one 
local region in the input space which maps to the 

Australian Journal of Intelligent lnfonnation Processing Systems 

5 

same Yi output class. In that event the centre vector 
centxis is in error. if it is computed as the mean of 
all the inputs vectors associated with Yi· A more 
serious problem can occur if the same local input 
region maps to more than one local output group. 
These problems can be caused by special types of 
nonlinear mapping functions or noise statistics. 
Method A must be used with caution and 
preferably applied to problems than involve a one 
to one local input to output space mapping. 
Nevertheless. it is a very effective -way of clqstering 
input vectors for uniformly sampled time series 
signals passing through a nonlinear function with 
additive noise as defined in the filtering signal 
model above. If the noise is zero mean and nearly 
symmetrical, then each fis(x) representing the local 
noise pdf can be effectively modelled by a single 
RBF. In the more complex case where there may 
be two or more independent additive noise sources 
which have very different pdfs, especially if one or 
more of them is skewed, then it may be more 
effective to model each fis(x) with as many 
separate RBFs. In this case a suitable clustering 
algorithm. like K-means [ 17], could be applied to 
each set of input vectors associated with each 
fis(x). although this would introduce unv.-elcomed 
extra computational complexity to the method. 

MPNN Method B 

There is a rather obvious extension to the ~NN 
Method A described above. That is. to characterise 
similar sections of the quanti sed input waveform as 
well as the output. However, because the input 
invariably has noise, MPNN Method B results in 
less efficient solutions, more so as the noise level is 
increased. But. it does solve problems related to 
not having a one to one local input to output space 
mapping. It is effectively a quantised GRNN. if the 
input and output waveform quantisation is 
maintained at the analogue to digital converter 
(ADC) resolution. The characterisation vector used 
for vector grouping is made up from a sum of the 
input and output waveform characterisation 
vectors. The input characterisation vector has a 
dimension of p and Nx quantisation levels and the 
output characterisation vector has a dimension of 
m and N quantisation levels. In most applications 
m = I is sufficient. The main advantages this 
method offers. are that a solution can always be 
found and the network size is always finite ie. the 
maximum M = (p+m)N if N = . Nx. If the 
characterisation q~antisation is maintained at the 
ADC resolution then similar input output pairs are 
simply registered by incrementing the Zi registers. 
This becomes a simple self-organising structure 
and very easy to implement in hardware. 
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MPNN Method B can also be used effectively in 
pattern recognition (PR) problems for the grouping 
or reduction of input space vectors. For PR 
problems the output vectors are all the same for 
each class, so reduction occurs separately for each 
class through vector quantisation of the input 
vectors only. Class vectors in the same quantised 
grid box are averaged and represented by that 
single mean. 

Nonlinear Filtering Example 

To show the effectiveness and general 
characteristics of the two MPNN Methods in 
contrast to the Backpropagation Neural Network 
(BPN), the linear finite impulse response (FIR) 
and quadratic filters, the following nonlinear 
signal filtering example has been examined. 
Training and independent testing waveforms were 
synthesised using a sampling frequency Fs = 16 
KHz. Each of these waveform has a fading sine 
signal with a frequency of 400 Hz with random 
noise and impulse noise added. The equation for 
the fading sine wave is as follows: [1.0 * sin(27t 
400 n I 16000) ] * [0.25 * cos(27t42.66666n I 
16000)]. To this is added random noise with zero 
mean and a flat pdf between amplitudes -0.33 to 
+0.33 plus 17 impulses. The impulses are located 
one at every (30 + r) points where r is a random 
number between 0 and 30. They have a random 
positive amplitude of between 0.5 to 2.0 and a 
length of 5 sample points. All have a positive peak 
followed immediately by a negative peak having 
20% the magnitude of the positive one. The 
desired output waveform for each of these is the 
uncorrupted 400 Hz sine signal with an amplitude 
of 1.0 as shown in Figure 8. From these two 
waveform sets 533 training and 533 testing vector 
pairs were derived as follows: 

Training data, 
number of pairs NS = 533, 
input dimension p = 20, output dimension = l. 

Testing data, 
number of pairs NUM= 533, 
input dimension p = 20, output dimension = 1. 

Figures 4 and 5 show the 2-D output waveform 
characterisations of the training data for two 
different quantisations, N = Ns = 256 and N = Ns 
= 16. The characteristic elliptic shape associated 
with the output sine wave of constant amplitude is 
shown with filled squares. Each black square on 
the plots represents a number of points Zi for each 
of the M classes. The values of Zi and the 
closeness of the squares indicate the relative class 
densities. The closer they are the more dense is 
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that region of the space. Points along the ellipse 
form a discrete pattern because the digital 
sampling frequency F s in this case happens to be 
an integer multiple of the sine wave frequency. 
Normally, the points are distributed along the 
whole elliptic contour. In the first figure the scatter 
plot of small dots represents the corrupted and 
noisy input signal vector points where only the 
first two dimensions are seen. The maximum input 
signal amplitude has been normalised to 1. 0 for 
display purposes (it is actually equal to 2.0). The 
points are affected by the random noise so they 
mostly fall within an elliptical region except for 
two upper regions one on either side which show 
the biased spread due to the impulse noise. 

N-256 

. . 
L• 

... : 

•"J . . 

N =256 s 

FIGURE 4: Phase Space for Training Oala and N=256, m=2 

-· N=16 ••• -· •• • • • • • • •• • • • • ••• • . .. ••• Ns=16 ·-
FIGURE 5: Phase Space for Training Data and N=16, m•2 

Figures 6 and 7 show the mse vs a curves for the 
GRNN and MPNN Method A for bases 1 and 2. 
Basis 2 produces better networks for this data set. 
All the curves are typically very smooth with 
unique minima as indicated. Table 1 shows the 
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best network results using basis 2 for the GRNN, 
MPNN Method A (m = 2, N = Ns = 16) and 
MPNN Method B (p = 20, m= 1, Nx = 2, N = 
256). The MPNN Method A has the best overall 
results in respect to network size M, training time, 
and vector execution time. Method B reduces the 
network size with respect to the GRNN without 
any substantial loss in accuracy. Figures 9 and 10 
show the results of filtering the testing waveform 
with the GRNN and best MPNN Method A filters. 
The filtered output from Method A can be seen to 
be better than the GRNN as indicated by the lower 
msemin· The quoted training tinies in Table 1 
represent only one pass through the testing data 
set. The automated supervised learning algorithm 
described in [16] usually requires 5 to 10 passes to 
achieve convergence for each set of quantisation 
selections Nx, N, Ns etc. Times in the tables are 
obtained using Borland C 3.0 implementations on 
an 80486 PC running at 33 MHz, and they are 
quoted for reference only. 

..::~ lb•tlls1 CJm
1
n • 0,748~ 

0 _08 i balliy 2 er mm • 0.886!1 

'" j 
n.o.o I 

~-e 

Cl 0.7 0.4 0.6 0.8 I 1.:! 1.C 1.& 1.t ' 1.7 '.4 er 
FIGURE 8: GRNN Equation (1), ,_vs " 

.. 0.0052 

- 0.0028 

o 0.1 o.c o.s o.e 1 
• ' t • r ~ , • ' 't :- " 0 

FIGURE 7: MPNN Method A, N=Ns=18 and m=2, ,_ vs " 

Des~ed Signal 

FIGURE 8: Testing Waveform 
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11 '~~! (\AAAJ\fl \ ~ 

I \ / \/ I I 
V V J J V V lj V J V

1 
V V V 

FIGURE 9: Testing Data Filtered with the best GRNN 

FIGURE 10: Testing Data Filtered with the best MPNN 

Figure 11 shows the result of filtering the testing 
Wa.veform data with a BPN [18] filter having 4 
layers with 20 nodes in the input, 50 nodes in the 
fist hidden layer, 20 nodes in the second hidden 
layer and I node in the output layer. The result is 
much worse than either the GRNN or the MPNN 
Method A filters. Furthermore, the training time is 
considerably longer as can be seen in Table 2. 
Table 2 also shows the results for the linear finite 
impulse response (FIR) and quadratic filters. Their 
results are worse still and they are shown for 
reference only. Figure 12 shows the result of 
filtering with the linear FIR filter which is neither 
able to correct the nonlinearity nor achieve good 
smoothing of the testing waveform . 

ll r n (I_ n 11 1\ {\ " [\ ' I 

V V V vv,Vvvll V 
FIGURE 11:Testlng Data Filtered with the BPN 

FIGURE12:Testing Data Filtered with the FIR Filter 
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Table 1 
Filter Type M Nx N <rmin 

GRNN 533 00 00 0.8869 
basis 2 
MPNN, m= 2 34 00 16 1.2650 
Method A 
basis 2 
MPNN, m= 1 374 2 256 1.0033 
Method B 
basis 2 

Table 2 
Filter Type Data Set Iterations 

BPN Training 1.75x10° 
20-50-20-1 Testing 

FIR Training 700,000 
20-1 Testing 
QUADRATIC Training 
20-1 Testing 

MPNN Design Rules 

The following design steps for the l\.1PNN are 
recommended when approaching a specific 
nonlinear filtering problem. 

1) Specify the design including the input 
and output requirements of the MPNN. 

2) Decide on suitable signal features. 
3) Choose the input and output 

dimensions p and K and order of 
recursion. 

4) Construct independent training, testing 
and validation vector pair sets. 

5) Consider a choice for the basis 
function. 

6) Apply the GRNN using basis 1 to check 
the approximate performance. 

7) If performance is satisfactory proceed 
else repeat appropriate previous steps. 

8) Try MPNN Method B first. 
9) If the optimum Method B network size 

is too large try Method A. 
10) If Method A does not work well 

11) 

12) 

enough then adopt Method B. 
If the performance is not satisfactory 
repeat steps 6 to 1 0 for another basis 
function. 
If the performance is still not 
satisfactory reconsider the design and 
start again. 

msemin Training Execution 
time in per vector 
seconds in seconds 

0.003320 105.2 0.1973 

0.002848 6.3 0.0117 

0.003366 73.8 0.1384 

m se Training Execution 
time in per vector 
seconds in seconds 

0.002430 177,720 0.03101 
0.006130 
0.019318 787 0.00053 
0.021270 
0.01605 4,086 0.00040 
0.018201 

The very first step is to specify the design problem 
generally and determine exactly where and how 
the l\.1PNN will fit into it. Next collect or 
determine suitable independent training, testing 
and validation data sets that will be applied to the 
network. The sample vector pairs in each set 
should be taken in direct proportion to the natural 
or expected a priori probability of occurrence such 
that they are as fully representative of the process 
that they stem from. Before this can be done the 
signal features, input vector dimension p and the 
output dimension K must be chosen. The order of 
recursion of outputs to be fed back into the input 
can be chosen at this stage or left till later if 
necessary. The signal features are usually the 
discrete time domain sample amplitudes typically 
scaled to range between the -1.0 and + 1. 0 extreme 
bounds. However, features cari be derived from the 
data in any other valid manner as the problem may 
dictate or suggest. Collect and save the data at the 
highest quantisation resolution, usually the 
resolution of the chosen ADC device which needs 
to be specified based on the specific design 
requirements. 

The choice of the input dimension is dictated by 
the desired amount of random noise filtering and 
the required temporal resolution. A higher p 
provides more random noise filtering or smoothing 
but a poor temporal resolution. The expected 
signal to noise power or energy gain at the output 
compared to the input is bounded as follows: 
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1 ~ SIN GAIN ~ p 

If the amount of filtering is insufficient for a given 
temporal resolution then the digital sampling rate 
F s can be increased to be able to increase p for 
better filtering without compromising temporal 
resolution. The output mse decreases and amin 
increases as p gets larger because a larger input 
vector contains more information about the local 
noise content so the network can be more effective 
in smoothing the noise. Asp goes up however, the 
number of network centres M is also likely to 
increase making a more complex network. 
Increasing the number of recursion elements 
results in a lower mse at the output at the expense 
of introducing system delay. Increasing recursion 
usually requires a larger a min. 

At this stage a choice of basis function can be 
made, usually basis 1 to start with. Next apply the 
GRNN using the training and testing data sets and 
find the amin and the associated msemin using the 
GRNN automated supervised learning algorithm 
described in [16]. Alternatively, a systematic 
trialing of a range of a values will usually find the 
single minimum quite easily. This minimum is 
needed for reference purposes in later steps as it is 
a very good estimate of the typical performance 
that can be achieved. 

Apply .MPNN Method B immediately if network 
size is not a problem. Start with a high Nx ( where 
Nx = 2b and b is an arbitrary positive integer ) 
with input characterisation vector dimension p and 
a high N ( where N = 2b and b is an arbitrary 
positive integer ) and output characterisation 
vector dimension m = 1. Reduce Nx and N 
independently by progressive halving until the best 
amin and the associated msemin is attained. N 
should not be reduced below where the 
quantisation interval 8 is greater than the expected 
noise smoothing in the output, ie. () ~ --./(2 msemin 
12) where the mse is defined as half the output 
noise variance. The expected output error variance 
can be taken as (2 msemin) from the GRNN 
results. In fact the optimum results and most 
efficient network is likely to be at the lowest 
acceptable N value. 

If .MPNN Method B is unsatisfactory because the 
best network size is too large, ie. M is too high, 
then try MPNN Method A with m = 2 at the 
highest N = Ns. Apply the automated supervised 
learning algorithm to find amin and msemin- If 
msemin is comparable to the GRNN' s then 
continue halving Nand N8 until msemin begins to 
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get bad. N should not be reduced below where the 
quantisation interval 8 is greater than twice the 
expected noise smoothing in the output, ie. 8 ~ V(4 
msemin 12). Ns on the other hand can be reduced 
as much as required. Choose the best combination 
of N and Ns and stop or proceed to fine tune them. 
If the msemin is a little worse than for the GRNN 
then try increasing m and repeat the network 
optimisation. The gains of increasing m begin to 
taper off at some limit. Increasing m is usually 
required as the signal complexity increases. If 
Method A still fails to work well enough then 
Method B should be used. 

If the performance is not satisfactory repeat steps 6 
to 10 for another choice of basis function. If the 
perforn1ance is still not satisfactory reconsider the 
design and start again from step 1 or abandon the 
approach. 

Comparison witb Otber Methods 

The method of Moody and Darken is most similar 
to the .MPNN and GRNN as they share a common 
formulation as generally defined by an equation 
similar to (2). The main difference is that the Yi, xi 
and a are computed using a combination of 
clustering and LMS or ADALINE adaption 
techniques. The processing unit centres xi and as 
are determined in a bottom-up self-organising 
manner using a clustering technique and then the 
amplitudes Yi are found in a top-down manner 
using a supervised LMS rule. The as are generally 
different for each centre. K-means clustering 
according to Lloyd [19] and MacQueen [20] is 
generally used to find K centres which represent a 
local minimum of the total squared Euclidean 
distance between the training vectors and the 
nearest of the K centres. This hybrid technique is 
faster and more efficient that the standard off-line 
global estimation and regression techniques which 
offer no advantage over a standard BPN. However, 
the final optimised values are not directly related 
to or constrained by the actual training vectors. 
The consequence of this for large a and sparse 
noisy training samples is that artificial minima and 
maxima can be produced well outside the training 
sample range. For large numbers of training 
vectors the averaging of the K-means clustering 
reduces sensitivity to noise. Kohonen's self-
organising network [21] implements the method 
which is most similar to the Moody and Darken 
method. 

The method of fitting radial basis functions to data 
is another similar method to the .MPNN. Like the 
Moody and Darken method the equivalent 
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parameters to Yi· xi and cr are optimised, but the 
values are not necessarily the same throughout the 
network nor directly related to or constrained by 
the actual training vectors. In this sense they share 
similar problems to the Moody and Darken 
method. RBF s do have a small advantage over the 
MPNN and GRNN when used with non-stochastic 
data because they can produce unbiased estimates 
at inputs equal to the training vectors. 

The CMAC functions in a somewhat similar 
manner to the .MPNN when the Ji(x) pdfs are 
symmetrical and have a constant value within a 
constant radius from the centre of training vectors 
and zero elsewhere. The neurons closest, in a 
Euclidean or city block sense, to training vectors 
turn on while all the others turn off. Consequently, 
the output is totally a function of the closest 
neurons. As these neurons are not as complicated 
as in the Moody and Darken, RBF or GRNN 
methods, many more of them are required to 
produce a smooth output. The .MPNN is developed 
as some finite function of the quantisation. In this 
sense, the method is quite similar to the CMAC, in 
that vectors close in the input space are paired with 
vectors close in the output space based on a vector 
quantisation strategy. 

A number of other researchers like Xu and Zheng 
[9] and Kononenko [10] have developed methods 
which are strongly related to those discussed above 
but which have not been referenced to them at all. 
These works have obviously resulted from the fact 
that fundamentally they all stem from basic 
probability and regression theories which can be 
viewed from many different perspectives. 

There are also a class of non parametric symmetric 
kernel based regression techniques stemming from 
the work of Nadaraya [12] and Watson [13] which 
are also quite similar in form to the 
.MPNN/GRNN. The choice of the bandwidth of 
the kernel, ie. cr, in practice is an important issue 
which challenged the kernel experts for several 
decades before the 1980s. Statisticians prefer to 
compute the value based on some knowledge of the 
data statistics but it can also be determined 
experimentally. 

Discussion on the MPNN Methods and 
Conclusions 

The main aim of both the GRNN and the .MPNN 
Methods is to associated similar inputs with 
similar outputs. In the case of the GRNN this is 
done by brute force in that each and every input 
and output vector pair becomes an integral part of 
the network. The .MPNN Methods endeavour to 
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reduce the number of unique input to output pairs 
to a finite set by grouping input vectors through 
the use of sums of RBFs with a common radial 
size. This reduction is done in a way which hopes 
to approximate, preserve or even improve on the 
GRNN solution especially when there is a limited 
training data set. The GRNN solution is a very 
good initial guide for how good a performance can 
be expected from the training and testing sets 
using any neural network or nonlinear method. 

The MPNN basic formulation of equation (2) is a 
general one which encompasses the GRNN 
(equation (1)) as a special case. The most 
significant similarity between the GRNN and 
MPNN as compared with other methods is the use 
of a single smoothing factor for network training. 
No matter how efficient either of the two MPNN 
methods can get, they must be described as sub 
optimal semi parametric fonns of RBF mixture 
models. Although they are based on equally sized 
RBF kernels the individual Gaussians at each 
centre can be of any size depending on the value of 
Zj. The suboptimality is due to the use of similar 
RBF kernels. However, that is a worthwhile trade 
off because of the very fast and guaranteed 
learning by the adjustment of a single parameter cr. 
The other main advantage of the forced constraints 
placed on the networks is that they organise 
themselves by no more than simple successive 
memory accumulations and arithmetic operations. 
This allows for the development of simple both 
virtual and parallel hardware implementations 
which can be realised easily with either very large 
scale integration (VLSI) or optoelectronics 
technology. 

Despite the potential problems with the MPNN 
Method A the use of similar desired output 
waveform sections to guide the clustering in the 
input space is a very worthwhile and powerful idea 
when it works. When the desired waveform has no 
noise the similar sections are distinct, resulting in 
a minimal network size for given N and m. If noise 
is present then there will be more similar sections 
for the san1e underlying waveform, resulting in a 
less efficient network. In the event that Method A 
is unsuitable then Method B can always be used 
instead of the less efficient GRNN with no loss in 
performance. All in all the .MPNN offers the 
engineering profession a very useful and practical 
approach to nonlinear signal filtering which can be 
easily realised with present or foreseeable 
technology. 
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